
COURSE:  Quantitative Methods in the Law – Fall 2018. 

TIME/PLACE:  WF 1:30-3:20 in 212.  (Normally, we  
take a break from 2:20 to 2:30.) 

INSTRUCTOR:  Mike Townsend, met@u.washington.edu, 336 Gates, 
543-4907. Office hours: W 3:30-5 and by appointment. 

REQUIRED TEXT:  F. MOSTELLER, R. ROURKE & G. THOMAS, PROBABILITY 
WITH STATISTICAL APPLICATIONS, Addison-Wesley (2d 
ed. 1970)—AT THE U BOOKSTORE.  I will provide 
other supplementary materials from time to time. 

GRADING:  There will be about ten homework assignments, 
POSSIBLY INCLUDING ONE DUE AFTER THE LAST DAY OF CLASS.   
You are encouraged to work together.  Indeed, I expect 
those “getting it” to help those “not getting it”—this is  
not educational Darwinism. But turn in your own write up! 

Each set of problems is to be turned in at the beginning of the  
class hour on the day due.  Late homework will not be accepted.  
To facilitate the grader's (i.e. my) job, homework should be neat  
and organized.  Explain your answers.  Use 8.5 by 11 
inch paper, write on only one side, staple all sheets 
together, and include your name on each page.   

There will not be a final. BUT REMEMBER THAT LAST  
ASSIGNMENT.  

This is a “mastery” course.  We use the following scale: 

A   90% course percent (CP)* AND a good-faith effort on all assignments  
A-  84% CP AND a good-faith effort on all assignments 
B+  80% CP AND a good-faith effort on all assignments 
B   70% CP 
B-  60% CP 
C   55% CP 
D   50% CP 
*CP = (sum of percents on each assignment)/number of assignments.

MECHANICS: Lecture notes will be emailed just before class; hard copies 
 cannot be provided due to budgetary restriction The  
notes are not intended to be a substitute for  
attending class.  Indeed, I expect you will find it  
helpful to attend class. Don't delude  
yourself with the expectation of catching  
up on the lectures over the next weekend. The law  
school requires 80% attendance for course credit. 
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SYLLABUS: A rough outline of what I intend to cover is as 
follows. 
 
         Topic                              
 
1.  Introduction to course. (One 50 minute period)               
             
2.  Definition of finite sample space,                  
    probability measure, and basic results. (2 periods) 
 
3.  "Equally likely" models, including 
    elementary counting principles. (4 periods)                     
 
4.  Conditional probability, independence. (2 periods)              
 
5.  Bayes’ Theorem. (1 period)                                     
 
6.  Random variables and special distributions. (5 periods)        
 
7.  Some frequentist and Bayesian approaches to Castaneda.  
     (12-13 periods)           
           
8. Law School Classics—identification issues (e.g. DNA), res ipsa 
loquitur, probabilistic cause-in-fact, … . (2-4 periods) 
 
9.  Game Theory and an incentives analysis of various tort  
    regimes. (4-5 periods) 
 
10. Some aspects of public/social choice theory (especially  
    Arrow’s Theorem) and certain strains of CLS. (2 periods) 
 
     From time to time, we will use quantitative software.  In 
class, I will tend to use Excel.  You are free to pick your own 
software for homework, but you should go through the following 
tutorials to be able to follow what I do in class.   
 
(a) https://homepage.cs.uri.edu/faculty/wolfe/tutorials/csc101/pc/

excel97/excel.html 
 
(b) https://support.office.com/en-US/article/Present-your-data-in-
a-scatter-chart-or-a-line-chart-4570A80F-599A-4D6B-A155-
104A9018B86E  
(this link can be found by first going to support.office.com and 
searching for scatter plots) 
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Access and Accommodations:  Your experience in this class is important to 
me. If you have already established accommodations with Disability 
Resources for Students (DRS), please communicate your approved 
accommodations to me at your earliest convenience so we can discuss your 
needs. If you have not yet established services through DRS, but have a 
temporary health condition or permanent disability that requires 
accommodations (conditions include but not limited to; mental health, 
attention-related, learning, vision, hearing, physical or health impacts), 
you are welcome to contact DRS at 011 Mary Gates Hall or 206-543-8924 or 
uwdrs@uw.edu or disability.uw.edu. DRS offers resources and coordinates 
reasonable accommodations for students with disabilities and/or temporary 
health conditions.  Reasonable accommodations are established through an 
interactive process between you, your instructor(s) and DRS.  It is the 
policy and practice of the University of Washington to create inclusive and 
accessible learning environments consistent with federal and state law. 
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Period 1 (periods are 50 minutes): 
 
A.  Bookkeeping and syllabus (you read). 
 
B.  What the course IS NOT. 
 
(i)  An “everything is (or can be reduced to) mathematics” course: 
 
(a)  The Pythagoreans apparently believed that things actually were made up of 
numbers.  One can even find similar views today 
(http://www.livescience.com/42839-the-universe-is-math.html). 
 
(b)  That IS NOT the view taken in this course! 
 
(c)  Still, such a viewpoint does raise the issues of the extent to which, and reason 
why, “math works.”   
 
(ii)  A turn-me-into-a-mathematician-course:    
 
(a) “I want a course such that after taking the course I can use and understand any 
mathematics that might come up in a legal setting.” 
 
(b) There is no such course anywhere! 
 
(c)   To show how preposterous such an idea is, imagine a mathematics student 
who says:  “I want a course such that after taking the course I can understand any 
legal issue that might come up in a mathematics setting.”  Tell the law student to 
get a degree in mathematics, and tell the mathematics student to get a degree in 
law.  
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(iii)  An intelligent-user/consumer-of-mathematics-course:  
 
(a) “I want a course that will make me competent to understand, or at least to use, 
mathematics across some reasonable range of legal settings.”  
 
(b) Many, if not most, quantitative methods courses taught in law schools today 
seem to be of this type.   
 
(1)  Some are standard probability/statistics courses rewritten for law students, 
turning a “math book” like BOX, HUNTER, & HUNTER, STATISTICS FOR 

EXPERIMENTERS (1978) into a “law book” like FINKELSTEIN & LEVIN, STATISTICS 

FOR LAWYERS (2d ed. 2001).   
 
(2)  Some are standard game theory courses rewritten for law students, turning a 
“math book” like OSBORNE, AN INTRODUCTION TO GAME THEORY (2004) into a 
“law book” like BAIRD, GERTNER, & PICKER, GAME THEORY AND THE LAW (1994). 
 
(3)  Some are standard public/social choice theory courses rewritten for law 
students, turning a “math book” like MUELLER, PUBLIC CHOICE III (2003) into a 
“law book” like STEARNS, PUBLIC CHOICE AND PUBLIC LAW:  READINGS AND 

COMMENTARY (1997). 
 
(c) Such courses also appear as part of professional training.  Indeed, federal 
judges are required to take a course based on FEDERAL JUDICIAL CENTER, 
REFERENCE MANUAL ON SCIENTIFIC EVIDENCE (3d ed. 2011). 
 
(d) This course is not such a course!  In my opinion, it is not a cost-effective use of 
educational resources to recreate what is offered elsewhere in the university.  For 
example, if you are here to learn basic probability/statistics through social-science-
type examples, then I recommend you take such a course in departments like 
education, political science, psychology, or sociology.  Then read FINKELSTEIN & 

LEVIN. 
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C.   What the course is.  (i) The primary goal (bold lines) is to see how another 
discipline can help you take a fresh look at law.   Another discipline provides a 
vantage point, so that you can “step back” and look at law. 
 
 (ii)  The secondary goal (dotted line) is to learn something about the nature of 
interdisciplinarity (as it relates to mathematics (and law)). 
 
(iii) 
 
 
 
 
 
                                                                                     
 
 
 
                                                                                     

Law: 
Highest level:  Meta-Meta Theory (We critique the examinations.) 
 
Critique MJ, LR, and CLS 
                                                                                                                                             
                                                       
Middle level:  Meta-Theory (We examine the Black Letter.) 
 
Mechanical jurisprudence (MJ): interested in consistency, completeness                           
                                          
Legal realism (LR): interested in justice, efficiency 
 
Critical legal studies (CLS): interested in cultural power, cultural politics 
 
Lowest level: Theory  (Meaning of the Black Letter) 
 
“Meaning” of substantive and procedural doctrine. 

Mathematics: 
prob/stat, game theory, 
public choice theory, 
… 

Basic AAA (A3) picture of interaction of 
mathematics and another discipline: 
 
          Abstraction                                     
                                                                   
                                               Analysis 
   Law                             Math     of 
                                                  Abstr. 
 
     Application of Analysis  
         of Abstraction 
 
Abstraction and application involve 
translation. 

Topic I:  Our basic fact pattern 
involves a grand-jury selection process 
that produced numbers that do not 
seem to conform to the general 
population numbers. 
 
In terms of our primary goal (bottom 
bold line), we will look at (some of) 
what mathematics has to offer in terms 
of substantive and procedural 
discrimination doctrine. 
 
In particular, we will learn how another 
field, here the probability/statistics part 
of mathematics, provides a framework 
for inference and decision-making. 
 
In terms of our secondary goal (dotted 
line), we will be using mathematics 
mainly in a definitional sense. 
Moreover, we will learn that another 
field can have internal disputes about 
the proper way to use the A3 
framework, and that other disciplines, 
being different, present translation 
difficulties. 

Topic II: Our basic fact pattern 
involves costs imposed on (behavioral 
choices made by) individuals by the 
(torts part of the) legal system. 
 
 
In terms of our primary goal (middle 
bold line), we will look at (some of) 
what mathematics has to offer in terms 
of an examination of the behavioral 
incentives created by the legal system. 
 
In particular, we will learn how another 
field, here the game theory part of 
mathematics, provides a framework for 
incentives analysis. 
 
In terms of our secondary goal (dotted 
line), we will be using mathematics 
mainly in a social-scientific sense, here 
learning about the basic ideas of 
explanatory/predictive modeling. 

Topic III: Our basic fact pattern involves 
various voting methods. 
 
 
 
 
In terms of our primary goal (top bold line), 
we will look at what mathematics has to offer 
in terms of a critique of certain strains of 
CLS that depend on the notions of a “group.” 
 
 
In particular, we will learn how another field, 
here the public/social choice theory part of 
mathematics, provides a framework for 
analyzing the idea of group preferences. 
 
In terms of our secondary goal (dotted line), 
we will be using mathematics mainly in a 
critical sense, here learning about the 
important idea of a “limitative” or “no-go” 
result. 
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D.  Let’s begin with our first topic. (i) 
 
 
 
 
 
 
 

 
                    Legal 
                    inferential/ 
                                                       decision-making gap 
                           
 
                                 

Observation: (Castaneda 
v. Partida): About 39% of 
grand jurors are Mexican-
American in a county 
where about 79% of the 
population is Mexican-
American. 

Legal issue (14th Amendment):  
According to Castaneda court, the substantive question is whether 
we have substantial underrepresentation resulting from purposeful 
discrimination.  Remember there also are procedural issues relating 
to “burden of proof.” 
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(ii)  (a) At a more general level, we are dealing with legal “reasoning in the face of 
uncertainty” and what another discipline (mathematics) has to offer. 
 
 
 
 
 
 
 
 
 
 

(b) A little history:  (1) “Clockwork Universe”/“Reasoning with certainty” (19th century):   
Roughly speaking, “real-world” questions have exact answers obtainable through deductive or 
empirical reasoning. 
 
(2) “Uncertainty Universe”/“Reasoning with Uncertainty” (20th /21st centuries):    Roughly 
speaking, “real-world” questions have exact answers, but outside of deductive-reasoning 
situations, we cannot obtain such answers because of the inherent uncertainty in empirical 
methods.  [I ignore the “Post-Modern Universe” where there are no exact answers in the 
background.] 
 
(3)  Moving from (1) to (2) involves a paradigm shift.  Key part of the paradigm shift: One 
cannot hope to remove uncertainty in empirical methods.   Take for example, the fact that 
different experiments come up with different values for the speed of light.  In the Clockwork-
Universe view of things, these differences could be understood and accounted for so as to 
produce the true speed and remove any uncertainty.  Indeed, this was the original goal of 
statistics.  This is not the view in the Uncertainty-Universe view of things: assertions about the 
speed of light based on empirical methods must reflect our uncertainty. 
 
(4) Statistics provides one way of “reasoning in the face of uncertainty.”  That is, one way of 
reasoning in the “uncertainty universe.”  There are competing approaches such as fuzzy logic, 
modal logic, and chaos theory. 

 
(c)  So what about law?   Interestingly, Anglo/American law has recognized the paradigm shift.  
For example, “plaintiff has established defendant’s negligence (statement) by a preponderance of 
the evidence (burden caveat reflecting uncertainty).”  In this sense, the law was ahead of many 
other fields.  On the other hand, the law has been slow to adopt the quantitative part of the 
paradigm shift.   In this sense, law is still well behind other fields.   

 
                              Law                Math 
                                         Reasoning in the face of uncertainty*,**,***,****,***** 
 
 
 
* Extends outside of intersection because such reasoning in law involves things other than math and vice-versa. 
** Extends outside of law and math because other fields also are interested in such reasoning. 
*** This part of our course focuses on the probability/statistics part of math and does not cover other approaches 
to reasoning in the face of uncertainty (e.g. chaos theory, modal logic, and fuzzy logic). 
**** We focus on reasoning that might be termed inferential/decision-making. 
***** Law and math also are interested in “reasoning with certainty” (e.g. deductive logic/syllogisms, etc.).  We 
touch on this only in passing. 
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(iii)  We develop almost all of the mathematics for this part of the course in the 
context of the well–known Castaneda v. Partida.  For present purposes, Castaneda 
can be described as follows.  Plaintiff alleged a violation of his Constitutional 
rights in that his indictment was brought under a grand-jury system systematically 
excluding Mexican-Americans. According to the Supreme Court, “[S]ubstantial 
underrepresentation ... constitutes [a 14th-Amendment equal-protection violation] if 
it results from purposeful discrimination.”   Toward that end, plaintiff offered in 
evidence the facts that 79.1% of the county had Spanish surnames according to a 
U.S. census, and that 339 of the last 870 grand jurors chosen were Spanish 
surnamed.  The Court assumed that Spanish-surnamed = Mexican-American.  
Thus, we have the legal gap described in (i). 
 
(iv)  We will consider ten possible mathematical analyses of the Castaneda data.  
We will consider two competing statistical schools.  Moreover, within each school, 
there are five competing sub-schools.  These approaches represent distinct 
philosophical ideas and they need not always “point in the same direction” on a 
given set of facts. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     We are interested in what the mathematical approaches have to say about 
the legal gap-filling in terms of substance and procedure. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Frequentist School (as far as the real world 
is concerned, probability/statistics is 
objective—dealing with objective 
assessments involving hypotheses): 
 
Assessing the strength of evidence with 
respect to a single hypothesis:  Fisher’s P-
values. 
 
Assessing the strength of evidence with 
respect to two hypotheses:  the law of 
likelihood 
 
Moving from assessing evidence toward 
decision-making:  Fisher’s significance 
tests and hypothesis falsification 
 
Moving even more from assessing evidence 
toward decision-making:  Neyman-Pearson 
hypothesis tests and hypothesis validation 
 
Deciding between hypotheses:  Wald’s 
decision theory 
 

Bayesian School (as far as the real world is 
concerned, probability/statistics is subjective--
dealing with people’s subjective beliefs about 
hypotheses): 
 
Assessing the strength of evidence with respect to a 
single hypothesis:  Bayesian p-values. 
 
 
Assessing the strength of evidence with respect to 
two hypotheses:  Bayes factors. 
 
 
Moving from assessing evidence toward decision-
making:  Bayesian significance tests. 
 
 
Moving even more from assessing evidence toward 
decision-making:  Bayesian hypothesis tests. 
 
Deciding between hypotheses:  Bayesian decision 
theory. 
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(v)  As indicated above, I do not make any great distinction between probability 
and statistics.  Moreover, I treat both as part of mathematics.  
 
(vi)  Of course, interdisciplinarity requires an understanding of more than one 
discipline.  I assume knowledge about law.  In covering the mathematical material, 
I do not assume any previous exposure to statistics.  Nor do I use calculus.  I do, 
however, assume what I consider to be high-school math (remember I took high-
school math almost 50 years ago).  Moreover, I expect what often is called 
“mathematical maturity,” which is best described as the willingness to review your 
class notes and work through the homework problems. 
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(vii)     (a) Again, the primary goal is for students to think about law, not to become 
experts in various mathematical techniques.  It is difficult for students to step back 
and look at law when there is no “back.”  The idea is to provide students with 
another vantage point. 
 
(b) As indicated above, the overarching legal idea to think about in this first part of 
the course is legal inference/decision-making.  In one sense, this part of the course 
represents an attempt to bring law into the 21st century.   
 
(c)  But we can ask more pointed questions about law.   
 
(1)     Consider the jury.  Is the job of the jury objective or subjective?  That is, 
does the jury make an objective assessment related to the hypotheses (of the 
parties) or does the jury report their beliefs about the hypotheses?   
     Such questions are difficult to discuss in a stand-alone legal education.  The 
debate between the frequentist and Bayesian schools not only helps us understand 
the question, but also the implications of a particular answer.  For example, if the 
jury’s job is subjective, then the law might welcome Bayesian statisticians as 
expert witnesses.  If objective, the law might preclude such statisticians from 
testifying, at least as Bayesians. 
 
(2)  Even assuming an answer to those questions, is the main job of the jury to 
assess evidence?  Falsify hypotheses?  Validate hypotheses? Make decisions? 
     Such questions are difficult to discuss in a stand-alone legal education.  The 
debate between the sub-schools not only helps us understand the question, but also 
the implications of a particular answer.  For example, if the jury’s job is decision-
making, then the law might prefer testimony from frequentist/Bayesian statisticians 
who are decision theorists. 
 
  

11



Period 2: 
A.  Some preliminary comments on sets.  (i)  I assume that you have had a basic introduction to 
sets in high school.  Look at the Schaum handout for Assignment 1. 
 
(ii)  I assume that you know that a member of a set is called an element. 
 
(iii) I assume that you are familiar with certain special sets such as the following. 
 
(a)  The empty set denoted by . 
 
(b) The set of natural numbers, {0,1,2, …}, denoted by N. 
 
(c)  The set of integers, {0, 1, -1, 2, -2, …}, denoted by Z. 
 
(d)  The set of rationals, {p/q : p and q are integers with q ≠ 0 }, denoted by Q. [NOTE: “:” is 
read “such that.”] 
 
(e)  The set of real numbers, { x : x can be expressed as a decimal}, denoted by R. 
 
(iv)  I assume you understand basic set operations like set union (A  B = { x : x is in A OR x 
is in B}), set intersection (A  B = { x : x is in A AND x is in B}), and set subtraction  
(A – B = { x : x is in A BUT NOT in B}).   For example, 
{1,4,5}   {1,5,6} = {1,4,5,6},  
{1,4,5}   {1,5,6} = {1,5},  
{1,4,5} - {1,5,6} = {4}. [“Minus” sign used for both set and number subtraction.] 

(v)  I assume you know what it means to say that A is a subset of B (A  B). 
 
(vi)  I assume that you have a high-school understanding of the difference between a finite set 
and an infinite set. For example,  and {1} are finite, but N is infinite. 
 
(vii)  I assume that you are aware that mathematical notation and terminology may differ 
slightly from author to author.  For example, the Schaum outline uses A’ to denote the 
complement of a set A.  The textbook uses Ā.  Some authors use Ac. 
As another example, Schaum calls A and B disjoint if their intersection is empty.  Other authors 
use the phrase mutually exclusive. 

 
B.  I adopt a “realist” attitude about mathematics.  “Sets are there! 
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C.  Basic definition(s) for finite sample spaces. 
 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Important note:  The Frequentists and Bayesians have no arguments here.  We are in the pigeon-holing 
part of mathematics where our (realist) objects are sets, numbers, etc.   Sets are there, ways of assigning 
numbers are there, and certain of them satisfy this definition.  The Bayesian v. Frequentist argument 
appears in the “technology” part of mathematics: If we wish to “apply” mathematics to an actual coin in 
my pocket, then are we to be making statements about (a) our beliefs about how the coin would/did 
operate in a given single two-flip experiment say in terms of a bet we would make (Bayesians), or (b) 
how it actually would operate in a “long-run sequence” of two-flip experiments (Frequentists)?  More 
later! 

Definition 
 
(1)  A finite sample space, S, is a finite nonempty set. 
 
 
 
 
 
(2)  An event is a subset of the sample space.  An 
event with one element is an elementary event. 
 
 
 
(3) A probability measure, P, on a finite sample space 
is a way of assigning to each event A a real number 
P(A), called the probability of A, such that the 
following three things hold. 
 
 
 
 
 
 
 
 
                      

(1) Nonnegativity:  For any event A, P(A) ≥ 0. 
 
(2) Certainty: P(S) = 1. 
 
(3) Additivity:  For any mutually exclusive events A 
and B, P(A  B) = P(A) + P(B). 
 
Other authors call P a probability function or a 
probability density. 
 
[With respect to Castaneda, we will be defining 
appropriate sample spaces, probability measures, 
and events to be used by our ten subschools.  Before 
we get to the subschools, we must spend some weeks 
learning about the underlying mathematics.]  
 

Example: 
 
(1) S = {HH, HT, TH, TT}. [Intuitively, we may think of S as 
containing the possible outcomes of flipping a coin twice.  
Informally, we use H and T rather than the more 
mathematical 0 and 1 to make things more readable.  That 
is, mathematics contains 0’s and 1’s not heads and tails!] 
 
(2)  {HH, HT, TH} is an event. [Intuitively, this is the event 
“obtaining at least one heads.”]  {TT} is an elementary event.  
As seen immediately below, with respect to S there are 4 
elementary events and 12 non-elementary events. 
 
(3) Two probability measures on our sample space S. 
 
Event  A                         P1(A)                     P2(A) 
                                         0                             0 
   {HH}                              ¼                           9/16 
   {HT}                               ¼                           3/16 
   {TH}                               ¼                           3/16 
   {TT}                                ¼                           1/16 
   {HH,HT}                         ½                           12/16 
   {HH,TH}                         ½                           12/16 
   {HH,TT}                         ½                            10/16 
   {HT,TH}                         ½                             6/16 
   {HT, TT}                         ½                             4/16 
   {TH,TT}                          ½                             4/16 
   {HH,HT,TH}                   ¾                            15/16 
   {HH,HT,TT}                    ¾                           13/16 
   {HH,TH,TT}                    ¾                           13/16 
   {HT,TH,TT}                    ¾                            7/16 
 S = {HH,HT,TH,TT}          1                               1   
 
[Intuitively, P1 represents a “fair coin” and P2 represents a coin 
“biased towards heads.”] 
 
  To make sure that we have probability measures, we must 
check the definition.  It is easy to see that both satisfy the 
nonegativity and certainty requirements.  The additivity 
requirement must be checked by hand.  For example,  
P1 ({HH, HT}) =  ½ = ¼ + ¼ = P1 ({HH}) + P1 ({HT}).  With 
what we have so far, one must check all the other possibilities 
for additivity by hand as well. 

S 
 
 
    A             B 
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D.  Main Theorem on Finite Sample Spaces:  Let P be a probability measure on a 
finite sample space S.  Then the following hold. 
 
(i) P() = 0. 
 
(ii) For any pairwise disjoint events A1, A2, …, An (i.e. Aj  Ak =  for j ≠ k ), 
P(A1 A2  …  An) = P(A1) + P(A2) +  … + P(An ). [This “generalizes” the 
additivity provided by the definition.]  
 
 
 
 
 
 
 
(iii) For any event A, P(Ac) = 1 – P(A).  [Here, complementation is taken with 
respect to S.  That is, Ac = S – A = {x : x is in S and x is not in A}.] 
 
                                                                                                                  S-A = Ac 
 
 
(iv) For any event A, we have 0   P(A)   1. 
 
(v) For any events A and B with A  B, we have P(A)  P(B) and  
P(B-A) = P(B) – P(A). [Remember, B – A  is defined to be { x : x is in B and x is 
not in A}]. 
 

set subtraction 
numerical subtraction 
                                                                     
 
 
 
(vi)  For any two events A and B, P(A  B) = P(A) + P(B) – P(A  B). [Another 
generalization of the additivity provided by the definition.] 
 
 
 
 

S 
    A1         A2                           
                          …             An 

S 
 
                   A                   

S 
                                     B - A 
 
                          
                     

B 
 
 A 

S         
         A                      B 
 
 
 
                 A ∩ B 
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E.  Why don’t we simply make the results of the theorem part of the definition of a 
finite sample space?  Answer:  Since the time of the Greeks, mathematicians have 
considered it to be “inelegant” to use more than you need in definitions.   One 
strives for “parsimony.”  Things that follow from such (minimal sets of) definitions 
are stated in theorems which are then proved.  This framework yields the colloquial 
“definition/axiom/theorem/proof” description of mathematics “known/developed” 
by the Greeks and introduced to you through high-school geometry. 
 
F.  Example of “use” of theorem:  Suppose the probability that student A will fail a 
certain exam is .5, that student B will fail is .2, and that both will fail is .1.  [Again, 
note the informal presentation.] 
 
(i)  What is the probability that at least one will fail? 
 
 
 
 
 
 
 
 
(ii) That neither will fail? 
 
 
 
 
 
 
 
 
(iii) That exactly one will fail? 
 
 
 
 
 
 
 
(iv)  We can see that one of the main uses of the theorem is for computation. 
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G.  Again, there is no argument between Bayesians and Frequentists here.  The argument 
won’t appear for a long time, so I will stop mentioning it. 
 
H.  Do many of the properties of probability remind you of properties of area?  In fact, 
the advanced treatment of the two subjects has many overlaps. 
 
I.   We don’t do a lot of proofs, but I intend to prove this theorem to make a point. 
 
(i)  In mathematics, “reasoning with certainty” through the 
definition/axiom/theorem/proof paradigm.  
     For most mathematicians, such “certainty” derives from a realist philosophy about 
mathematical objects and their attributes.  The “soundness” of applications of 
mathematics to other fields derives from the belief that objects in those other fields 
“have” or “reflect” mathematical attributes.    
 
(ii) Over the centuries, this paradigm has been imported to disciplines ranging from 
humanities such as philosophy (e.g. Spinoza’s Ethics), natural sciences such as physics 
(e.g. Newton’s Principia), and social sciences such as political science (e.g. Jefferson’s 
Declaration of Independence). 
 
(iii)    (a)  Indeed, this paradigm is at the heart of mechanical jurisprudence, which sees 
legal systems as doctrine-based engines concerned with dispute resolution.   With respect 
to dispute resolution, doctrine should provide one and only one answer (consistent and 
complete).  With respect to an engine, legal systems should depend heavily on “logic.”   
 
(b)   For example, think back to the Contract Restatement sections on the “mailbox rule,” 
which provide you with the definitions (e.g. of sent, received) and axioms (the individual 
mailbox rules) that allow you to prove results about sequences such as Offer Sent, Offer 
Received, Rejection Sent, Acceptance Sent, Rejection Received, Acceptance Received. 
 
(c)   Indeed, mechanical jurisprudence can be identified with a late 19th-century wave 
of interdisciplinarity based largely on a preference for the structures and apparatuses of 
the natural sciences and mathematics.   
 
(d)  This point is an example of Period 1[D][ii][*****]. 
 
(iv)  Implicit in our course is that “reasoning in the face of uncertainty is predicated on 
(some) reasoning with certainty.” 
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J.  Proof of Main Theorem on Finite Sample Spaces: 
 
(i)   Since  =  and  = , it follows from additivity that  
P() = P() + P().  But P() = P(), so P() = P() + P(). Hence, P() = 0. 
 
 (ii)   
 
 
 
 
 
 
Since A1  and (A2   …  An) are disjoint, it follows from additivity that  
P(A1  (A2   …  An)) = P(A1) + P(A2   …  An) .   
 
Repeat this argument to get that P(A2   …  An) = P(A2) + P(A3   …  An), so 
that  P(A1 A2   …  An) = P(A1) + P(A2) + P(A3   …  An).   
 
Keep on going till you get P(A1 A2  …  An) = P(A1) + P(A2) +  … + P(An ). 
 
(iii)  
 
                                                                                                              S-A = Ac 
 
 
By definition, S = AAc and A  Ac = .  It follows from certainty and additivity 
that 1= P(S) = P(A) + P(Ac).  We conclude that P(Ac) = 1 – P(A). 
 
(iv)  The first part of the inequality follows from nonnegativity.  For the second 
part, note that if P(A) > 1, then it follows from (iii) that P(Ac) < 0.  The latter  
(P(Ac) < 0) contradicts nonnegativity, so we must have P(A)   1. 
 

S 
    A1         A2                           
                            ...           An 

S 
 
                   A                   
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(v)  As illustrated by the following diagram, B = A  (B - A) and A  (B - A) = .  
 
 
                                                                     
 
 
 
 
[NOTE:  The diagram (sometimes called a Venn diagram) illustrates the equalities; 
it DOES NOT prove them.  Examples of the proof of such things are given in the 
Schaum handout.  In particular, proofs of equalities like these rely on the meanings 
of OR, AND, NOT, etc.]  
 
     It follows from additivity that P(B) = P(A) + P(B - A), from which we conclude 
P(B) – P(A) = P(B – A).  By nonnegativity, P(B - A) ≥ 0, so that P(B) – P(A) ≥ 0, 
and hence P(B) ≥ P(A). 
 
(vi) As indicated by the following diagram, 
(A  B) – B = A – (A  B).  
 
 
 
 
 
 
 
 
 
Thus, P((A  B) – B) = P(A – (A  B)). 
 
Consider the left hand side of this equality.  Since B  A  B, it follows from (v) 
that P((A  B) – B) = P(A  B) – P(B).   
 
Similarly, we have that P(A – (A  B)) = P(A) – P(A  B).  
 
Thus, P(A  B) – P(B) = P(A) – P(A  B). 
 
On rearranging the latter equality, we have P(A  B) = P(A) + P(B) – P(A  B).▄ 

S                                B - A 
 
                          
                     B 

 
 A 

S 
        (A  B) -B 
 
 
      A                                                    B 
     
 
 
                                             
 
A – (A  B)                         A  B                                  
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